Abstract: In this study, the authors derive the exact closed-form expression of the outage probability for coded cooperation using power-based approach. They consider a generalised system model with n relays (n > 1) over Nakagami-m fading channels. They also obtain the optimal number of relays for the given outage performance. Furthermore, they find analytically the critical cooperation ratio at which the total outage probability is minimum.
Introduction
The coded cooperation was proposed in [1] , in which the concept of channel coding was associated with cooperative signalling. In coded cooperation, each code word is essentially partitioned into two blocks, each of which is transmitted by one of the cooperative partners. Therefore the partners transmit some incremental redundancy instead of just repeating the received bits as in amplify-and-forward or decode-and-forward schemes. The analytical framework for coded cooperation was presented in [2] . In the recent past, the researchers have focused their attention on coded cooperation [3] [4] [5] [6] [7] [8] [9] [10] for enhancing cooperative diversity along with the efficient channel coding techniques [11, 12] . The cooperative system with efficient channel coding techniques provides impressive gains over a noncooperative system while maintaining the same information rate, transmit power and bandwidth [13] .
The motivations behind this work are: † The coded cooperation for two user-based system model is widely investigated recently [2, 9, 14, 15] . Furthermore, the single user multiple relays coded cooperative system model is presented in [5] . In two user system model, both the users have their own data for transmission as well as they act as a cooperative partner to each other, whereas in the system model with single user and multiple relays, several relays help the user (source) in its communication with the destination. However, in comparison with two user-based model, multiple relays based model can efficiently reduce the effects of cooperative imbalances [5, 6] . † In most of the earlier works, instantaneous signal-to-noise ratio (SNR) based approach is used for the analysis of outage behaviour. However, higher analytical complexity involved in SNR-based analysis [2, 5, 9] can be reduced by using power-based approach [14, 16, 17] for outage analysis. The outage probability was defined in [17] in terms of instantaneous received power as the probability that the received power falls below a certain specified threshold. Using the power-based approach, although, it is not possible to directly address the information theoretic aspects such as capacity of system under consideration; however, in practical scenarios where the noise power is assumed to be constant during the coherence time of channel, the instantaneous power can best replace the instantaneous SNR. † To the best of author's knowledge, none of the previous works obtained an exact closed-form expression of outage probability for coded cooperation with either two user or multiple relays system model. The analysis in [2, 9, 14, 15] derives the expression of outage probability in integral form for two user coded cooperation scenario, and in [5] a finite range single integral expression of outage probability is derived for multiple-relay cooperative system with Rayleigh faded channels assuming that the source is also transmitting in second time slot.
With these motivations we, in this work: † Derive the exact closed-form expression of the outage probability for a generalised coded cooperation system model with multiple relays under Nakagami-m fading. We consider both the possible cases in which source transmits or remains silent in the second time slot. The Nakagami-m fading is considered as generalised form of fading, and it can be used to model different fading channels through distinct values of parameter m [18, 19] . † Obtain the optimal number of relays with respect to the outage analysis of given system model. The optimal number of relays implies that if we increase the number of relays n further, it will lead to insignificant improvements in the outage performance for a given cooperative scenario. † Find the critical cooperation ratio, that is, the cooperation ratio at which the outage probability gets minimum, and verify the result graphically for the given cooperative scenario.
The results obtained analytically are verified through simulations as well.
The rest of this paper is organised as follows. Section 2 gives the system model. The outage analysis of coded cooperation is given in Section 3. Optimisation of the number of relays is covered in Section 7. An analytical approach to find the critical cooperation ratio is presented in Section 4. Section 6 gives the numerical results and the concluding remarks are given in Section 7.
System model
We have taken a simple model which consists of a source (s), a destination (d ) and multiple relays (r 1 , r 2 , …, r n ), where (n > 1) as shown in Fig. 1 . The fading characteristics of all the links in our model are assumed to be flat and distributed as Nakagami-m. Convolutional codes are employed to convert N 0 bits of each source block into a codeword of length N. Furthermore, N 1 and N 2 bits are obtained from length N codeword by partitioning it with rates R 1 and R 2 using a rate compatible punctured convolutional (RCPC) code as in [20] , hence N 1 + N 2 = N. The coding mechanism is known to the source s, all the relays (r 1 , r 2 , …, r n ), and the destination d. The half duplex transmission is taking place in two successive slots. In the first slot, the source (s) broadcasts N 1 bits out of a block of N bits, which are received by each of n relays and the destination. In second slot, the source and the relays (which have received correctly in first slot) will transmit N 2 bits to destination. We also consider, as a special case, the system in which source remains silent in the second transmission slot. We define the cooperation ratio (α) as
The event of system outage is assumed to have occurred when the instantaneous power at destination falls below the specified threshold. Thus for a link, the corresponding outage event can be defined as
f (p) dp (2) where P is the instantaneous received power and f ( p) is the probability density function (p.d.f.) of P, and P is the threshold power. For Nakagami-m distributed channels, instantaneous received power (P) has a Gamma distributed p.d.f., hence outage probability given in (2) can be written as
P dp
whereP denotes the average value of received power.
We assume that the threshold power P ( ) is constant and is same for all the links, throughout the analysis. The correctness of the reception at the relays will be validated on the basis of their cyclic redundancy checks (CRCs). As the quality of reception at each relay is obviously a function of the statistics of its link to source, we consider that a relay will receive correctly only if the received power over its link to source is greater than the threshold power P ( ). It implies that a relay whose link with source is in outage cannot receive correctly and hence cannot validate the CRCs. Furthermore the relay at which CRCs is not validated, will remain silent in the second slot.
Outage analysis
For the outage analysis, all the n relays are divided into two mutually exclusive sets Θ 1 and Θ 2 . Set Θ 1 consists of those relays for which CRCs are successfully validated and hence they will cooperate in the second time slot. Set Θ 2 consists those relays for which CRCs are not validated successfully and hence they will not cooperate in the second time slot. We denote cardinality of set Θ 1 as η(Θ 1 ), and cardinality of set Θ 2 as η(Θ 2 ). Throughout the analysis, the subscript i is used only with the relays which belong to set {Θ 1 }, that is, relay r i ∈ {Θ 1 }, and the subscript j is used only with the relays which belong to set {Θ 2 }, that is, relay r j ∈ {Θ 2 }. It is but obvious that i, j ∈ {1, 2, …, n}, and sets Θ 1 and Θ 2 are disjoint.
We now define the outage events corresponding to the generalised cooperative case. If relays r i belong to set {Θ 1 } and relays r j belong to set {Θ 2 }, this implies P sr i . P/a, and P sr j , P/a, where P sr i is the instantaneous power over the source to relay r i link, P srj is the instantaneous power over the source to relay r j link, i, j ∈ {1, 2, …, n}, and i ≠ j, the outage event is
here P r i d and P sd are the instantaneous powers over the relay r i to destination, and the source to destination links, respectively. The first term (αP sd ) in (4) accounts for the first time slot transmission (received at destination) from source which contains α fraction of total bits, and the second term ((1 − a)( ∀r i [{Q 1 } P r i d + P sd )) accounts for the second time slot transmission (received at destination) from source and all the cooperating relays which contains (1−α) fraction of total bits. There are two possibilities regarding a relay, either it is cooperating or not. Thus, for l relays cooperating at any instant (where l = {0, 1, …, n}), that is, η(Θ 1 ) = l and η(Θ 2 ) = n−l, assuming all the links to be mutually independent, the overall outage probability can be written as 
The outage probability P out in (5) consists of 2 n −1 possible disjoint cooperative cases excluding the one with l = 0, which will be incorporated in the analysis later on. From (5), Pr P sr i . P/a and Pr P sr j , P/a , using (3), can be written as
Pr P sr j , P/a = P/a 0 f (p sr j ) dp sr j
respectively. Here P sr i and P sr j are the instantaneous received powers over the source s to relay r i and r j links, respectively, f ( p sr i ) and f ( p sr j ) are the p.d.f. of P sr i and P sr j , respectively, andP sr i andP sr j denotes the average power over the links from source s to relay r i and r j , respectively. To calculate the probability Pr aP sd + (1 − a) r i [{Q 1 } P r i d + P sd , P given in (5), we consider the average link power of all the links coming to destination to be same, that is,
. . , n}, whereP r i d andP sd are average powers over the links from relay r i to destination and source to destination, respectively. For l relays cooperating, where l ∈ {1, 2, …, n}, it is given as
f (p sd )f (z) dp sd dz (7) where z = l i=1 P r i d + P sd is a random variable which is Gamma distributed as (l + 1)m,P av /m , and a = P − aP sd /(1 − a). Using (2), the integral a 0 f (z) dz can be written as
therefore (7) can be rewritten as
Furthermore, using [21, Eq. (8. 352. 2)], G (l + 1)m, ma/P av can be written as
substituting (9) in (8) we obtain
This simplification is achieved using [21, Eq. (3.383)].
is the confluent hypergeometric function [22] , and the terms A 1 , A 2 , A 3 , B and C can be written as
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Using (6) and (10), P out in (5) can be written as
This is the expression of outage probability for the case when at least one relay is cooperating. Furthermore this expression can be generalised by including the case when none of the relays is cooperating, which imply that if all the relays belong to set {Θ 2 }, that is, P sr j , P/a, for all j = {1, 2, 3, …, n} the outage event is, aP sd + (1 − a)P sd , P, that is, P sd , P. The outage probability for this case can be given as P out = n j=1 Pr P sr j , P/a Pr{P sd , P}. Therefore (12) can be modified as
This is the generalised closed-form expression for the outage probability for the given system model. Now, we assume that the average link powers of source to cooperating relays (r i ∈ {Θ 1 }) to be same, that is,P sr i =P av 1 , and that of source to non-cooperating relays (r j ∈ {Θ 2 }) to be same, that is, P sr j =P av 2 . This assumption is practically applicable in general. Therefore (13) reduces to
Special case: when source remains silent in second transmission slot In the above analysis, we assume that source is transmitting N 2 bits in second transmission slot. However, if the source does not transmit in the second slot, the outage event defined in (4) modifies to
For this case, the overall outage probability given in (13) can be modified as
Similarly, in case when the average powers are same as assumed earlier as in (14) the outage probability can be rewritten as 
It can be seen from (13) and (16) that we have an exact closed-form expression of outage probability for the considered system. This closed-form expression is more useful as compared with integral forms obtained in [2, 5, 9, 14, 15] as it helps in analysing the outage behaviour with respect to cooperation ratio and number of relays.
Optimal number of relays
In this section, we obtain the optimal number of relays for a given outage probability. Optimal number of relays implies that if we increase the number of relays n, it will lead to not so significant improvements in the outage performance for a given cooperative scenario. We optimise outage probability given in (17) for the number of relays n using numerical methods. Since n is an integer therefore we obtain the difference equation from (17) . We equate this difference equal to zero and attain the polynomial p o (n), which is given as
Ideally, p o (n) will tend to zero as n tends to infinity, that is, (18) is very complex to solve numerically for the value of n at which p o (n) = 0. Therefore we follow an analytical procedure and assumed a difference or error function e(n) such that e(n) = p o (n)−p o (n−1). This error function signifies the tendency of p o (n) to saturate asymptotically for varying values of n. Fig. 2 shows the plot of e(n) for various values of n. In Fig. 3 , we have plotted the outage probability P out with respect to number of relays n for given fading parameter m and threshold power P = 5 dB. We can observe that both the numerical as well as graphical observations are matching exactly, that is, for P = 5 dB, and m = 1, 2, 3 the optimal number of relays are n = 8, 5, 4, respectively. In addition, we observe that for the worst-case fading scenario, that is, m = 1 and with threshold power P = 5 dB, P out saturates at n = 8 which is maximum as compared with other values of m, that is, m = 2, 3.
Critical cooperation ratio
The value of α at which outage probability gets minimum is known as critical cooperation ratio α c [2, 14] . We will consider the case when source is not transmitting in the second time slot, as it will be more significant for the analysis of cooperation ratio. The critical value of cooperation ratio can be obtained by differentiating P out in (17) with respect to α and equating (∂P out /∂α) = 0. As the complexity of (17) is quite high we calculate the critical cooperation ratio, for a two relay case. However, the analysis is applicable to any number of relays. For n = 2, we can rewrite (17) as
On differentiating (19) , we obtain
The details of (20) are given in Appendix. The value of α c is obtained by equating (∂P out /∂α) as given in (20) equal to zero. We have calculated the α c using the computations of (20) and numerical techniques for various values of m.
In Fig. 4 , we find α c for minimum value of outage probability using (20) . Numerically, we calculated α c for m = 2 and m = 3. For m = 2, α c = 0.65 using computations and α c = 0.638 using numerical method. Similarly for m = 3, α c = 0.67 using computations and α c = 0.685 using numerical method. We can observe the difference between the computational and numerical values is almost negligible, and this difference can be accepted because of complexities and approximations thereof throughout the analysis.
Numerical results
In this section, we present the numerical analysis of the outage behaviour. We have assumed all the links to be flat, independent of each other and Nakagami-m distributed. For practical purpose, we assume the average power of all the links to be same, and the reference noise power is considered as 1 W. Fig. 5 shows the plot of the outage probability for both the cases given in (14) and (17), respectively, with respect to average power for different values of Nakagami parameter m. Here, we consider threshold power P = 5 dB, number of relays n = 2, and cooperation ratio α = 0.5. It can be observed from this figure that the performance of the system is improving (i.e. outage probability is decreasing), if we increase the value of parameter m, that is, with improvement in channel conditions. We also observe that the performance of the system with the source transmitting in the second slot is better than that with the source remaining silent in second slot. Furthermore, to compare the outage performance of this proposed work with the outage performance of two user-based coded cooperation presented in [14] , we can observe that the outage performance of single source multiple-relay cooperative system of this work (with n = 2) is better than the two user coded cooperation scenario. The simulations are performed with 10 6 trials for analysing the outage probability of the system. We consider a message of 8 bits which is converted into a codeword of 12 bits using convolutional code. The simulations are closely matching the computations. 
Conclusion
In this paper, using instantaneous power-based approach, we investigated the outage behaviour of the given system model under Nakagami-m fading environment for multiple relays. We obtained the exact closed-form expression of the outage probability. Furthermore, we found the optimal number of relays required for a desired outage performance. We also obtained the value of critical cooperation ratio by graphical as well as mathematical analysis, and found them to be approximately equal.
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where v ∈ {2, 3}, and The functions Ω 1 and Ω 2 consist the product term of functions A 3 , C and 1 F 1 m; k + m + 1; z 1 P/a . Thus, they may be differentiated using the product rule. The differentiation of individual product term is as follows (see (26)) Functions Ψ 2 and Ψ 3 can also be differentiated in the same way as Ψ 1 is done. 
